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Summary 

The method of Lea and Symonds (Brown TJhiversity Report Bll-3/28, 

OHR Contract K7onr»358l0, HR-36<K36*0 of analysing plastic deformations of 

oeaas under transverse impact is adopted to determine the plastic strains in 

a simply supported uniform beam subjected to a concentrated impulsive load at 

the center of the beam. The "plastic-rigid" theory is used. 

It is shown that in the case of a simpla square-shape impulsive load» 

the problem, which involves a non-linear differential equation, can be solved 

in closed form« The time histories of the acceleration, the velocity, and 

hence, the displacement are then evaluated;, Results are presented in terms 

of the permanent deformation caused by the impact. 
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I Introduction 

In a recent report (Ref. 1) Lee and Symonde have developed a 

Method of calculating the permanent deformations of "beams of ductile material 

subjected to transverse impact loadings. The analysis in Reference 1 is 

feaaed on the "plastic-rigid" assumption such that the moment-curvature rela- 

tion is of the type shown in figure 1. In this figure M0 Is the limiting 

"bending moment for which the plastic regions spread over the whole cross- 

I 

* 
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3 

Mc 

I 
-I— 

uTirvaiiure 

Figure 1.    Moment-Curvature of a "Plastic-rigid" Beam. 

section of the "beam.    The analysis also asrnimss that the beaia has an infinite 

rigidity at any section until the limit moment H0 is reached.   When this 

limit is reached a plastic hinge is formed and the "beam "bends in the form of 

a sharp kink. 

The introduction of the idealised "plastic-rigid" assumption 

eliminates the consideration of elastic vihrations of the "beam, sad hence 

simplifies the analysis greatly.    It is expected that this type of analysis 

AERO-ELASTIC AND STRUCTURES RESEARCH 
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is only applicable to cases in which the plastic strains are large compared 

with elastic strains. Lee and Symonde hare presented a criterion regarding 

the limitation of their method. 

In Reference 1 the problem of a force in the form of a triangular 

pulse applied at the mid-point of a uniform beam with free ends has been 

analyzed. It has been shown that under .small load, the beam performs a rigid- 

body translation motion; under moderate load, & plastic hinge is formed at 

the mid-span of the beam; while at very high load, two additional plastic 

hinges are formed, one on each side of the mid-span hinge. The hinge point 

on either side has V^n shown to move toward the center as the load increases, 

while away from the center as the load decreases, The calculation of this 

phase of the motion involves the solution of a non-linear differential equa- 

tion. In general, methods of successive approximation, or of step-by-step 

integration, must be employed. 

The present report is an application of the assumptions and the 

method of Reference 1 to the determination of plastic strains in a simply 

supported uniform beam subjected to a concentrated impulsive load at the center 

of the beam. Dynamical equations comparable with those of Reference 1 are 

obtained. It will be »hewn, however, that when the impulsive lead is of a 

square-shape, the solutions are simplified. In fact, the non-linear dixzeren- g 

tlal equation can be solved in closed form, and the time histories of the     I 

&«ej»iar&tien. the velocity and the displacement of the beam can be easily    | 

evaluated. 
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XI   Ifcmamieal Iquations 
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We shall consider a simply supported uniform beam subjected to a    g 

concentrated impulsive load F(t) at the center of the span, as shewn In 

Tigure 2. The load P(t) is assumed to increase from zero to a msxissum value, 

PfT) 

Figure 2. 

and then decrease to sero.    The beam is assumed to he straight and rigid at 

the initial Instant. 

In the first phase of the Impact when no plastic deformation occurs, 

the beam remains rigid«    She bending moment distribution is given by 

Mfx)= p x/2. for   o* x <<t,U 

- P(£-X)/2- for  J?/a*x.*J? 
(1) 

where s is measured from one end of the bees. The loading, shear, and moment 

diagrams are shown in figure 3. The aasimsi bending moment, of course, occurs j 

at the middle of the beam sad is equal to I 

M (£./z)~P&fa (2) 
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Loading 
Jt 1 

•^h «/* 
77p-?/s. 

Shear P/z 

Jigure 3* 

This first phase of motion end« «hen the moment at the mid-span reaches M«. 

and a plastic-hinge is formed.    Ve shall introduce a symbol /A   tor tae non- 

dimensional parameter pO /M0 .    Thus the beam remains stationary when v* >c -f- • 

In the second phs»- of motion when ^ ->+, the beam inay be analysed 

by placing a plastic hinge at the center.    The two halves of the beam remain 

rigid but rotate with respect to ®ach other as shown in Rgure 4(a)* 
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Inertia loading 

angular Ace = 

Shear •JP- ̂ rrT 
(c) 

Moment 

The acceleration of the beam is to be determined by the condition 

that, at the center of the span, the resulting moment due to both the applied 

load and the inertia load should be equal to the limiting moment MQ, The 

inertia loading, shear and moment diagrams are shown respectively in 

«•n -_   I. /«_ V  / _ *%   a     0 a\ an. A M j.» — •) JJ JD — a A. _ a    * A«— «u - -i •rxgrtre **A»J   \cjp  ana \a/«     xae  aaatMum  ineriaB lomuas  AO oouoioa  uy  «as  •ymirc.L 

go« The distribution of bending moment corresponding to the Inertia loading 

is thue, 

AEJVtj5-Ea!-^OII<U STRUCTURES RESEARCH a 
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(3) 

and the 'bending moment at the mid-«pan it  -f*J? //£• 

The total "bending moment can be obtained by combining equations (1) 

and (3) 

M IT -7° L   f-      JTJ M 

The moment at mid-span ie {?£- <fr J? L   By setting this -«sal to VL and 

solving for gg we obtain 
/z 

f"5P(/--+j (5) 

Sie linear acceleration at the mid-epan is thus. 

& M. r^-^j (6) 

It should be remembered that this equation applies only after^ has reached 

the value kt  since the beam is stationary up to this point. The linear 

velocity and displacement at the mid-span can be evaluated ay  integration of 

Iquation (6). 

The second phase of motion ends when the bending moment at another 

point along the beam reaches the limiting valus Mg. By substituting 

svtion (5) into (h)  and by introducing the symbol ? to replace the non- 

I   AERO-ELASTIC AND STRUCTURES RESEARCH 
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dimensional parameter >. \£ , we obtain« 

"fj ) - Moj^f/- i j )* 3 $ - -f ^ j (7) 

The maximum bending moment occurs at the point whore <//v//</£ •<?, or 

or 

-/Ä 

/^ /> - -j^y 
(8) 

Substituting this value into Sedation (7), we obtain the expression of the 

maximum bending moment in terms of the loading .parameter,*«. . By setting this 

expression equal to the limiting bending moment -H©, we obtain the value of^*. 

at which the second plastic hinge is formed. We obtain the following equation 

f or A* , 

/J (yt*.  -+J (9) 

She only real root of this equation is 

She Cörs^spoüdiag value of f is, from Equation (8), 

s -   n 
Ehus, the second plastic hinge is located at the quarter span point« 

(11) 

fflf-—n^it^^^^-j^i   igy^sff^yr^-ftfr, 
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The third phase of notion commence« when the load is further in» 

creased so thaty*< > 36.    It can he seen, hy a similar argument given in 

Beference 1, that the equilibrium conditions in this phase of motion can he 

satisfied only when the hiage point on either side of the mid-span hinge 

moves as the load increases.    As soon as the hinge has moved to a new position 

tiie heading moment at the previous hinge location must drop to a value smaller 

I     than M0, and no further rotation occurs there.    Thus the segments to the 

right and left of this moving hinge move as rigid bodies.    Also at each sec- 

tion where the instantaneous hinge is located, the relative rotation is in- 

finitesimal and the slope angle changes continuously through the segment 

through which the hinge has passed.    This is shown in figure 5* 

We define the notion of the beam by the slope <?0   and Q   , the 

angular velocities 6e   and &   , and the angular accelerations Q    and &   , of 

the two rigid segments, and denote the location of the hinge point hyje,   as 

sho«E in yif?ure 5. 

Hgor© 5« 
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We see that the displacement of the beam can fee expressed by 

PAGE 9 

/  eed: •fa f   X •«. Xj. 

X J»X. 
(12) 

Thus» the Telocity of the beam obtained by differentiating liquation (12), is 

r   Qe x 

r 
+ o r X < X ^ 

(13) 
( öj^te/x-x^+^fflröij  f^xh<K<"4 

since the slope of the beam is continuous at the travelling hinge, ( Ö, - &ö ) 

vanishes, and Equation (13) can be rewritten as 

for    X<Xh o0X 

e/h16!^"^! fir   Xh4X<*/g 

Similarly, the acceleration of the beam, can be expressed by 

/• ©   X for    X< X. 

for xh<x *i/2 

Squation (l^a) can be rewritten as 

(13») 

+ ot>    X*.  A^ 

i (14b) 

It can be seen that the acceleration, and hence the inertia loading 

I of the beam, can be divided into three component©, as shown In figure 6. We 
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Acceleration      '^^ TW1^ 
fx/; 
XTDT 

Inertia loading 

Shear 

^rHim /iThfo TT 
J_L XL* 

n i^ 
11113   QIP^• 

Mosceat ^QHTP "CP7  ^oj 1111! u^  "<L\ I i rmp* 

Tigore 6. 

•ball designate these three components hy their aaxiaum values g, g,, and g . 

The relations oetveen these quantities and the acceleration of the besa are, 

/ *7 

*   '-     ~*hl*i-*'j/'" 

(15) 

(16) 

(17) 
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It can also bo seen that the linear acceleration at the center of the beam 1« 

f * rf0+ f, + % )/*, (18) 

She shear and moment distributions corresponding to these loadings 

are also shown in figure (6). The bending moment due to g^  is the same as 

that given in Squat ion (3). The moment due to g, and g. are respectively 

A/> 
% ft-**!,)-*/+ tor X< X h 

(19) 
jl^)^:*****^**-*}**-'********^ 

for   X.7 XL 

M> 
" f, ft"3 *h ) */z for    x**ti 

(20) 

The values of g^, g. and g2 are to be determined by the conditions 

I that both at the center of the span and at the hinge point Xu   » the resulting 

I bending moment is equal to MQ, and that the bending moment at the hinge point 

I Xf, should be a masäsnäa. Thus by snaming up Squations (1) (3) (19) sad (20), 

! and setting A/*„ ou -Ma,&XxM. ~-M0    *»* (75?) - O  , and by introducing 

1*1 t 

system of equations. 

^»x». 

i    the neÄ=di2snsiy«al parameters'  and |   (=X,/#)• we obtain the following 

AERO-ELASTIC AND STRUCTURES RESEARCH 
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fhese equations are sufficient to express the unknown quantities 

So» g^ anä g„ in terms of the parameters^   and ?. •    However in order to 

evaluate #,    a fourth equation is required.    This equation arises from a 
^ fr 

relation between g, and g2, given by liquations (16) and (17).    We have, from 

Equations (16) and (17), 

(22) 

(23) 

•* •• • 

and by observing that (ß _ Q   ) is the derivate of (0; - &0) we can write, 

r./4-*H~&(h/*h> (30 

or in tens» of non-dimensional parameters, 

f*/i-*ik--&rt*/*iH) (25) 

AERO-ELASTIC AND STRUCTURES RESEARCH 

fi 
1 
a 

/! 

t\ 
i 
i 
-A m 

V 
t 

2 
2 
2 
2 

n 

/ 

"19> 
~ I 
H 

"I 

•I       IISWM 



*M 

¥ 

1 
) 

I 
I 
I 
1 

VI 

11 

f i 
»es 

; • 

I 
I 

1 
t 
i 

6 

MASSACHUSETTS INSTITUTE OF TECHNOLOGY 
Department of Aeronautical Engineering 

CONTRACT NO.  N5ori-07833 

frost Situation« (21) wo obtain. 

PAGE 13 

(26) 

Q> ~ ^  , fr/i-J±h2*!l£+£^)Hi. (27) 

7i 
'-**, 

M0 (28) 

Substituting liquation* (27) and (28) in (25), we obtain a non-linear differen- 

tial equation, the solution of which gives the tins history of the hinge 

position 4.  . Haying evaluated £, we can calculate the time history of the 

inertia loadings, g0, g^ and g. by ueisg Aquations (26) (27) and (28). 

The equations (25) to (28) are still applicable during the period 

when the applied force has reached its maximum value and starts to decrease, 

This phase of motion terminates, however« when the motion has been decelerat- 

ing such that the relative angular velocity ( 6 ~ Q  ) has bs 
/        o 

tf»/\mdk    «AftA       An4 

hence, the plastic hinge at X» Xh removed. 

In the succeeding period, the beam will again move with its two 

halves remaining rigid but rotating againe* each other about a hinge point at 

the center. This final motion ends when the angular motion decreases to zero. 

AERO-ELASTIC AND STRUCTURES RESEARCH 

t 
RH 



MASSACHUSETTS INSTITUTE OF TECHNOLOGY 
Department of Aeronautical Engineering 

PAGE   14 CONTRACT NO. N5ori-07833 

III   Application to the Case of a Square Impulse 

fh© solution» given in the proceeding section are now applied to 

the proDlea of a simply supported "beam under a concentrated center load in 

the form of a square shape impulse of amplitude Pa, and period T, as shown in 

Figure ?.    We shall discuss the problem in three parts according to the range 

h— T —H 
Figure 7. 

of the amplitude of the load.    We denote the non»dimensional parameter 

Pm^hMo  hy the symooi^^ . 

(a)s*m << *f- In this case the beam remains undeformed- 

{$)+</<„ <*-3t*    Daring tie period t < T,  when the loading is 

applied, the linear acceleration at th» center of the beam is given by 
1 

1 equation (6), i.e., 

•3 A/0 
1 «^ m      • / (29) 

n 
s 

4 

4 
4 
n 
4 
t 
%\ 

1 
1 
1 

8 

1 
$ 

m ' 

I 
1 
1 

V 
V 

Pi 1 
f\  1 

fh© linear velocity and linear displacement at this point, are respectively» 
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(30) 

and 

(3D 

The maximum displacement, expressed in terns of non-dimensional parameters, is 

f-/S^"if^"-*MP' 
JOT   t > f, the acceleration at the eeäte? wecoase 

(32) 

-/^ (33) 

and the velocity and displacement are. 

i~/. (34) 

and 

/ .     — Ä 

fr.    /-2*1- 
*   ' -X.    . Z. - - i ^ * «w r-f-y - * r f y 

The notion of the "beam terminate« when the velocity yu "becomes sero, i.e., 

when 
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^«.«^ (s+m'+Jt 

PAGE 15 

(30) 
&><• 

and 

^ B       3 My '•y* <s**.'W (3D 

She maximum displacement, expressed In term« of non-dimensional parameters, la 

t-/^-i^--^(P 
?©?   t > f,  wus acceleration at the center "becomes 

(32) 

-/£ (33) 

sad the Telocity and displacement are, 

?«/ 
'/i^T 

f (3*0 

and 

1 
ft 

The motion of the 'beam terminates when the velocity yn "become* sere, l«e. 

when 
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T s* to 06) 

and the final permanent deformation is 

Str/Ä-7" 
/»? 

-r§^. *      3 
/» & 'to ) 

(37) 

(c)^*^^«*6 Since the applied load increases abruptly to^*%->jtf, 

the motion of the "beam also starts directly with the third phase, i.e. the 'beam 

deforms with three plastic hinges. She calculation of the motion of ths "beam, 

however is simplified by the fact that at the initial instant and also during 

the entire period between t s 0 and t = T, the inertia load ?2 is zero* 

8ince the beam is stationary at the initial condition, the angular velocities 

6  and Q    and hence (Ot - ea ) must be zero at t * 0. It can be seen from 

Equation (17) that gg must be sero at t s 0. 

By setting gg • 0 in Xquation (28) we obtain a relation between^ 

and ^  v 

'to      2.   —z : —5  
(38) 

C/-* '3*J3* 

This relation determines the initial location of the plastic hinge at either 

side of the center when the load jumps abruptly to^,* > 36. A plot of ^  vs 
.sti 

JU    is shown in figure 8. 
to 
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•    It can fee seen that for higher impact load, the plastic hinge it closer to the 

U . center of the beam, and in the Uniting case when JU    approaches infinity, "$ . 

approaches £.    The range of t,   is thus. 

She acceleration at the center of the beam at the initial instant is 

fn, " /«fft^i > - t2&±2ifl>      "'/* (39) 

Tor the rest of the period teeing which the constant load is sqgplied 

acceleration of the bean most retain the ssae constant value, and the hinge 

point remaine at the ssae place.    Shis is a sufficient condition, since with 

£_ vanishing, g« remains sero, and hence the acceleration obtained by 

Squation (39) mast certainly satisfy the eqnilibritm conditions.   An analysis 
 JkM MJI  i» given Xü noB appendix,   TO prove   wa*  «oil x* » iwg«Bmrjf  «oaiuuoa. 

xhe linear velocity and displacement of the bean can be readily 

evaluated by integration, 

IM T •+•/ Vr 

"•*3*Y ?
t) 

and 
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= 3dh^dl (*) '•£fJ~ 4 (*D 
h 

At    t = f, 

(*a> 

3^ JT; 

<*3) 

"^aj, 
She notion of the 'beam in the euoeeqpent period, *hen the load PB 

hae "been releaeed, ia again governed by the cet of eqpationa (25) to (28). 

The eapresaiona for g^ and gg **• obtained by putting^ $<£aal to s*?e 

and 

r"*3*> 3»      x 

(**> 

(*5> 

|   By stibetitttting 3<8aatioa& ^) and {k$) into ©ysatious (25) *se obtain, 
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or, by rearranging, we obtain the following differential equation, 

<*6> 

<*7) 

where 

\W) 

She non-linear equation (^?), hower^r, can be solred in eloeed fora 

aa follova: 

We aee that 

J_       I  i £   (+) W) 

and that by a transformation of "variable. 

ve obtain, in place of Iqpation (^7), 

(50) 

U *?(%)% ~ n 
^n 

ESS- 
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fne Initial value of s «an be dsteraSjaed by observing fron legation (25) that 

at   t « *» 

*. s  (52) 

o 
#/ 

?> 

Hare g2 is given by Bcsssation (45) and g^ by Skfcaation (2?), and the 

in Squation (52) beeones 

J 
r 

Thne tbo value of 2    at   t= !li 

1 - - ^Sj^iJj* (53) 

8inc9, at tsf, 4. - 1. }  | being the solution ©f Ifostioa <38J for given 

value of ̂
 
&* initial condition of s can be written at 

8ne solution of location (51) is 

3r$> , as 

<5» 
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If e 
-/>'** >JJh*c 

» c' 3» 
^3*3^3» > 3" 

(55) 

in which the integration« constant C8 determined oy the initial condition, is 

c, . _o+*$*FC'-+S*}J_ 
rj- 

- z. (56) 

*I*J*^-*J»)3i.' 

Sext we determine the tine history of the hinge position •£     hy 

solving the following differential equation. 

^     • 

i 
(57) 

d-t c, 3h 

with the initial condition that at t * T, ^ * < . Ve rewrite Sqpation 

(5?) in the for«. 

(58) 

and obtain the relation between t and ^  "by direct integration. By introduc- 

ing a traasforrsation of variable, 

(59) 
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B 
i 

we obtain 

1 l   + (+-»*)   • 

=  c'f±. £±±±Z2JL% -4 y* + T   (60) 

It should "be observed from Iquation (53) that since %     lies within 

tiss raage l/fc to 1/2, J     is always negative.    This means, as ve would ezpect, 

that the hinge point si-wts to move away from the center of the beam when the 

load has been released.   It eaa els© be seen from Stations (56) and (57)  «^t 

i    remains negative, and becomes sero when ^    reaches the value 1/6.    This 

limiting condition, in fact* is the termination of the third phase of motion-, 

when the difference in angular velocity 0, - 0.   becomes zero, and hence when 

the plastic hinge at either side of the center disappears, it can be seen from 
- x.      **. A  JL.A —n       JL-       ÄA —— A.A -.       --. /   _^ 

1    obtained fro» Jqpatioa» (**5) *a* (5?) i»t 
y*' J* • 

an-«.   —.*.*_ 
1UJ.B     i'BMU 

7* 
f'-* 1* f St &* 

(61) 

and apparently, vanishes at jf  = 1/6. 

It ©*a be seen from Equation (60) that the instant T^ s* which the 

third phas® of motion tsrminates is 
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•4l £ fit       ' frir-p)*      <$?(       •+*/7   LJz-i 

She acceleration at the center of the "besa daring this period is 

which by combination of Squatlons (26), (*&) and (U$)  reduce» to 

Cf>. 
*&& M, 

*-*3*>* *»** 
(63) 

The linear velocity and displacement at the center of the bsssi can, 

thus, be expressed as follows, 

f-'^^rV ^' dt it») 

f* ' rt"i,r *<'i'*)+./'*"rJ+//hii* m 

By making use of Equations (39), <&2) and (43), we obtain, the 

following non-dimensional expressions, 

inra   nrer L nrai » — *•».,#•*.   w*t»    « mma*-*      ft m«f-v    nnpn« f/VTB TT,^ ^   _.   _.        . _ 
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A     / M-T 

eure    oe 

- •?• 6 r*/w- '"/,)'// 
(66) 

a /M0T '-&££4*-i> f, '^J,J J* 
+ 1  Gcfxr 
/ 

(67) 

where 

£* M §T/V." (68) 

and 

r=Vr (69) 

She Integral 0, can 1M evaluated in closed form.   We ohtain, ty 

sti»atttuting Bqoation (63) into (68), 

which hy introducing Satiation (58), is reduced to 

(70) 

G>- **& 
-Jh 

Iä£L 
r X  f'+W'-tSk)'^]*) 

% 

H 

•M 
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Shis Integral, when evaluated hy the use of the transformation of variable. 

?*r'-*3hr> ? -f'-*j\> 

becomss 

G= 

It is seen that at   t - Tis ]? s o, and 

GfT).?£ur  ' lfitr +*+ + *?+f\ J- ft,»!***"*- -g/L^ 7 (72) 

r* 
Having determined the 6-function, we can evaluate the integral 

( &J.~t in Bquatlon (6?) öj means of numerical integration. 

after the plastic hinge at either side of the mid-point has been 

removed, the 'Acceleration of the beam is again governed "by Equation (6) except 

that in this e&se^. is equal to zero, thus 

4* 
/2 A*a 

#7JL~ 

and 

?">*%.7, -*±&f*-T) T     sn-Z 
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Th* hinge action at the center of the "beam cease« when the linear 

Telocity becomes sero. It caa he seen from Equation (7*0 that at this instant 

*"f*?»tm7;/%I. (75) 

and the final displacement, which is the permanent set of the beam due to 

impact,, is 

ML vyr*   **fK.i;)'/7i& 
(76\ 

In non-dimensional fora, the expression, becomes 

(    3h} h h (77) 

0-21 y if 

I 

IY   He suits and Discussion 

The  final perneuavut deförüäätiön öf  «he  ovöü, y^. / '"''    ,  e*n sa 

j    determined either by Aquation (37) for   h -y„ •< J6 or by JJqpation (77) for 

yU^jb*    figure 10 shows the variation of this parameter an a function of the 

impact force parasetsr^   .    In the calculation of this final result, the 

~ '      /%   • value© of •<    ,  2J » G(Yf ) . / GdT *$* various values otyfr^ are r©C£uir@d. 
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I I 

A plot of J    V8«y/j, **• *••* gi*®n in figure 8, while the relation» "between 

•f    and<S(~)   •».  f     , obtained respectively hy Sqjaatioas (62) and (?z) 
_  _    _. . .      _ .   /-*/ 

are plotted in figure (9).   She integral f GdZ » obtained 

method, i» also plotted in the sane figure. 

a numerical 

G,,fodt 

figure 9* 

figure (11) shove the variation of the displacement pj»i?e«eter 

^?A vim rsßpäct %•> tsisso   It can he seen that in all ee^es the iacre&es 

in displacement after tlae end of impact, constitutes the major part öf ^b& 

AERO-ELASTiC AND STRUCTURES RESEARCH 

I 
i 

n 
JÜ 

M 
A'. 
i 
i 

•m 
IHIIIIIBIII'in »in 

kSKriBSSä 



1 

«i 

V 

j 

..,1 

I? 
J 
4« 

ftr. 
I* 

J ~ 

MASSACHUSETTS INSTITUTE OF TECHNOLOGY 
Departsaeiiit of Aeronautic»! E«sin«*njog 

(  CONTRACT NO. N5ori-07833 PAGE 29 

o o 
o © 
o o 
* tn 

© 
© 
o 

o o 
© 

I o 
© 
o o 

o 
o 
IT» 

©J 
£ 

S- «j 
•j 1- 
"=»< o 
£ a 

3 
»BBr,B« Äsrnr1 ANTi «TRBHTTLTKES KFÜEÄRCH 

.-S 



MASSACHUSETTS INSTtTUirE OF TECHNOLOGY 
Department of Aeronautical Engineering 

PAGE   30 CONTRACT NO. »5ori-07833 

permanent deformation of the 'beam. 

It shoiild 08 stated that a criterion, similar to that given in 

-    Ssfsrsace 1, c&a be drawn for the condition* ©f validity of fee psessat method 

of analysis,    fha criterion is based ea the requirement that the plastic work 

done at the center Mage he large compared with the maximum elastic energy 

which eculd he stored in the heam in hending when the whole beam is subject 

to the limit moment ML.    5hJ» criteri©« is: o 

! 

M0a, *'• MIL 
z>£T 

(78) 

This can he rewritten into a more convenient form; 

/7^ 
/.ßS' 'W (79) 

where Tg is the.fundamental period of vibration of the simply supported 

elastic heam. 8ince the values of &f   have not seen evaluated; and since 

is always larger than U   f£ * the ahove criterion Is sow replaced by 

9    /M<7' •~*-*7^/ (80) 

©lie relation gives the lower limit on the duration of impact above 

which the present analysis can he ejected to give satisfactory results. 
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Proof of Itecessity of Stationary Singes During Period of Constant lapaet Load 

•ft- 

It has "been stated in Section III of the sain body of the report 

thai during the period when a constant impact load (with^;?- 36) is applied, 

the second hinge point remains at the seme location.   A proof of this state» 

sent is giYen in the present appendix. 

Soring this period» the motion of the beam is determined by 

equations (25) to (23).    Since, for prescribed amplitude of impact, g. and g- 

a?e functions of it     only, equation (25) can he rewritten as 

vft-K - if Ar'/SW&ih     »•« 
^7 *3i 

or, *by rearranging fcesms, 

J/, 
?*r$») 

U. 2) 

By substituting equations (27) «ad (28) into equation (A.2) and simplifying, 

we obtain the following differential equation 

£'}//" f3* * U.3) 

ft 
t\ 

A 
/r 

1 
V 
r 
• 

•'j 
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vhe?» 

"'S*) - 
-*/*„C'-*u)y*~jf"-*§»)Q-is>.)i>, (JU( 

msj;+'<'-'$„>' 
») 

It 1« oljriows that; at * s 0 

where 3  is the solution of equation (38). It will lie shown here that at 

the iaitial instant i    and all the higher derivative« are sero. 

It can he seen from location (17) that 4    can he written a« 

U.5) 
6    -taS 

Thie 1« of the indeterminate form since, at the initial instant hoth g2 and 

1  <4 " ^# ) SB* *ar0, HcWTÄr *8T applying L'Hopital*« rule» we can writs. 

(*<>•-(£ </•* J* 
* &, - &t>     Mt ) 

I 
I    which, hy introducing Iqaation (16), heeomes, 

(A.6) 
**e 

\ 
,<U -/**&"-'** I 7AAl* (A.7) 

't **o 
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V« see that this it true either when $  (V) vanishes or vhenf-Jg* (j-z j yiS%, 
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is @qu&l to unity. 

By introducing Sgoations (2?) and (28), we obtain 

'> t'O I 

I  and hy subwtituting aquation (38) fwr^ ., ve hare 

«ft W--e S-'*f*-"ß* 

It can "be shown that this quantity' is slvayo negative for values oi' ^ rang» 
w ri 

m 

ing from l/^ to 1/2. Thus at the initial instant, Z     must he sc/70. 

We see from the differential equation (A.3) that at the initial 

instant» •£  is again indeterminate. However, hy writing, 

J*     l/^a,)/f- 1* "ft)7*« 
U.5) 

Here-again since j ~L #ß  ]is not identically equal to unity, J. (<? J must 
" 'S »»» 

he stero. 3y differentiating iqaatlon (A.3), ve ohtain an expression tor 1 

We find in the sane way, that < .^jfiind also all the higher derivatives am 

gere. fhua, daring the period O^fc^S. th® hinge remains stationary at 

station %,   * 
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